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I. INTRODUCTION

Humanoid robots walking is still an open challenging
problem, where the classic approaches to generate walking
motions make use of simple models such as the inverted
pendulum or the table cart, combined with the Zero Moment
Point (ZMP) criterion. These models allow to generate online
motions with feedback corrections. However, they are very
conservative and do not allow to exploit the whole-body
dynamics of the robot as well as more dynamic walking
motions, e.g. often the upper body of the robot does not
perform any motion.

Whole-body dynamic models are still computationally
expensive to be used in an online fashion. However, with
a precise description of the dynamic model of the robot,
whole-body models have been used to generate feasible
and dynamically challenging motions by means of optimal
control [1].

The iCub humanoid robot [2] is a child-size robot de-
signed and produced by the Fondazione Istituto Italiano di
Tecnologia (IIT). The robot has a special design of Series
Elastic Actuators (SEA) in the knee and ankle pitch joints
of each leg [3], which allows to remove the spring, giving
the possibility of using both compliant and rigid actuators.

In previous works it has been shown that iCub is capable
of walking in different environments [4], by means of sim-
plified models. By means of optimal control and whole-body
models with reduced sets of DOF, also motions considering
the SEA have been generated for the HeiCub robot [5].

Walking with SEA actuators has been demonstrated to be
feasible on the CoMan humanoid robot [6] by means of
kinematic primitives. In the present work, instead, we use
our approach of motion generation based on optimal control
and whole-body models extended to walking on level ground,
by formulating a multi-phase optimal control problem con-
sidering physical constraints and contact constraints, as well
as the dynamic model of the robot both with and without
SEA. We apply our method to the reduced version of iCub,
HeiCub, located at Heidelberg University, which consists of
15 internal Degrees of Freedom (DOF), as shown in Fig. 1.
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Fig. 1: The HeiCub robot, designed and built by the iCub Facility
(IIT). In red the joints with SEA.

II. MODEL DYNAMICS

Walking can be described by means of different walking
phases, which involve different contacts between the robot
and the ground, i.e. a hybrid dynamic system. These phases
consist mainly of the single and double support phases,
where impacts occur at touchdown, as shown in Fig. 2.

The dynamics of a free floating system subject to external
contacts can be described as:

H(q)q̈ + C(q, q̇) = τ + GTλ (1)

Gq̈ + Ġq̇ = 0 (2)

where the matrix H is the joint space inertia matrix, q̈ is
the joint acceleration vector, C the Coriolis, centrifugal,
gravitational term and τ are the joint torques, G is the
contact Jacobian, and λ is the vector of external forces due
to the contacts.

Impact dynamics are described by means of the following
equations:

H(q)q̇+ −H(q)q̇− = G(q)TΛ (3)

G(q)q̇+ + eG(q)q̇− = 0 (4)

where q̇+ and q̇− are the generalized velocities before and
after the impact, Λ are the impulses and e is the coefficient of
restitution. In this work we assume non-sliding rigid contacts
and instantaneous impacts, i.e. e = 0.

When considering the SEA, equation (1) can be modified
as per [7]:

H(q)q̈ + C(q, q̇) + K(q− θ) = GTλ. (5)

Bθ̈ + K(θ − q) = τm (6)
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Fig. 2: Walking phases for flat feet humanoid robots, from initiali-
sation to end steps. Where R stands for right foot, L for left foot, D
for double support and S for single sup- port. TD stands for touch
down, i.e. impact.

where K is the stiffness matrix, B is the rotor inertia matrix,
θ are the motor positions, τm are the motor torques.

The equations are rearranged as in [5], in order to compute
q̈ with standard forward dynamics algorithms by using as
input joint torques:

τ = K(θ − q), (7)

In this way Eq. (5) can be written as:

H(q)q̈ + C(q, q̇) = τ + GTλ. (8)

Allowing to compute θ̈ from Eq. (6):

θ̈ = B−1(τm − τ ). (9)

Impact dynamics do not change w.r.t. the dynamics with rigid
actuators.

III. OPTIMAL CONTROL PROBLEM (OCP)

We formulate the OCP as a multiphase problem to treat
the hybrid dynamic system described in the previous section.
A general multiphase OCP is formulated as follows:

min
x,u,p,T

∫ T

0
ΦL(t,x(t),u(t),p)dt + ΦM (T,x(t),p)

(10)
subject to:

ẋ(t) = fj(t,x(t),u(t),p),
t ∈ [sj−1, sj ]
j = 1, . . . , nph,
s0 = 0, snph

= T

x(s+j ) = J̃(x(s−j , p)), for j = 1, .., nph

gj(t,x(t),u(t),p) ≥ 0 for t ∈ [sj−1, sj ]
req(x(0), ..,x(T ),p) = 0

rineq(x(0), ..,x(T ), p) ≥ 0
(11)

where an objective function of Lagrangian type ΦL(·) and/or
a Mayer type ΦM (·) is minimized with respect to the states
x(t), the controls u(t) and the model parameters p. In Eq.
(11), fj(·) is the differential equation describing the phase j,
sj is the duration of the phase j and nph is the number of
phases, J̃(x(s−j ,p)) is the transition function between two

phases, gj(·) are the path constraints and req(·) and rineq(·)
are point-wise equality and inequality constraints.

Each phase as in Fig. 2 represents a continuous phase,
while the impacts are phases of zero time.

The states are the generalized positions and velocities of
the robot in the case of rigid actuation: x(t) =

[
q(t), q̇(t)

]T
,

where q, q̇ ∈ R21, including the floating base. In the case
with SEA, it consists of x(t) =

[
q(t),θ(t), q̇(t), θ̇(t)

]T
,

where θ, θ̇ ∈ R4, as we model only the knee and ankle
pitch joints as elastic joints. The controls are represented by
the joint torques when using rigid actuators: u(t) = τ (t),
and by motor torques when using SEA: u(t) = τm(t).

The constraints consist of the contact constraints and
boundary constraints on joint and motor positions, velocities,
torques, parameters (e.g. step length), phase times (left free
to the optimization).

Objective functions consist of: minimization of overall
effort in terms of sum of torques per step, minimization
of joint and motor accelerations, minimization of angular
momentum, minimization of walking velocity.

The optimal control problem is solved using the direct-
multiple shooting method [8].

IV. CONCLUSION

The formulated optimal control problem allows to generate
feasible dynamic walking motions for the robot considering
both the rigid actuators and SEA. Due to the complexity
of the problem, computations are performed offline and then
the motions are implemented on the robot, for the time being
using position control on the joint or motor side. In future
work this should be extended to torque control as the controls
of the optimal control problem are the torques.
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